Abstract-Acoustic pressure can be measured with a hydrophone. Hydrophone measurements can underestimate incident acoustic pressure due to spatial averaging effects across the hydrophone sensitive element. The spatial averaging filter for a nonlinear focused beam is a low-pass filter that decreases monotonically from 1 to 0 as frequency increases from 0 to infinity. Experiments were performed to test an analytic model for the spatial averaging filter. Nonlinear pressure tone bursts were generated by three source transducers with driving frequencies ranging from 2.5 to 6 MHz, diameters ranging from 19 to 64 mm, and focal lengths ranging from 38 to 89 mm. The nonlinear pressure fields were measured using four needle hydrophones with nominal geometrical sensitive element diameters of 200, 400, 600, and 1000 µm. The average root-mean-square difference between theoretical and experimental spatial averaging filters was 5.8% ± 2.6%.
I. INTRODUCTION
N EEDLE and fiber-optic hydrophones are widely utilized in medical ultrasound and nondestructive evaluation to measure acoustic pressure with high spatial resolution [1] - [10] . Like most measurement devices, hydrophones produce distorted versions of the signals they are intended to measure. Hydrophone distortion is mainly due to two factors: frequency-dependent sensitivity and spatial averaging across the finite sensitive element. Both forms of distortion tend to increase with signal nonlinearity because nonlinear signals have broad frequency bands spanned by multiple harmonics of the fundamental frequency. Nonlinearity affects spatial averaging because as harmonic frequency increases, harmonic beamwidth decreases, and the potential for harmonic spatial averaging increases.
Previously, a model was developed for predicting distortion of nonlinear ultrasound signals by needle and reflectancebased fiber-optic hydrophones [11] . The model was based on a spatiotemporal representation of ultrasound signals involving nonlinear theory for spectral characteristics [12] and Gaussian radial pressure distributions within the spatial extent of the hydrophone sensitive element [13] - [15] . The spatiotemporal representation was validated using high-resolution (85 μm) hydrophone measurements in focal planes of three source transducers. The spatiotemporal representation was based on a rigid piston (RP) model [16] , [17] for hydrophone response. The RP model has been shown to be accurate for predicting sensitivity of needle hydrophones in the low-frequency range [18] , [19] and reflectance-based fiber-optic hydrophones over a broader frequency range [19] . The RP model has also been shown to be accurate for predicting directivity and frequency-dependent effective sensitive element size of needle [20] and reflectance-based fiber-optic [21] hydrophones. The objective of this paper is to provide experimental validation for the model prediction of spatial averaging component of distortion.
The hydrophone spatiotemporal response H p ( f ) is assumed to be separable into a product of spatial and temporal factors
where f is the frequency, M L ( f ) is the loaded sensitivity of the hydrophone, defined as the frequency-domain voltage output response V ( f ) to normally incident input plane pressure wave
and S p ( f ) is a filter that accounts for spatial averaging. The subscript p is a reminder that a function depends on the particular pressure field distribution p(r, f) incident upon the hydrophone, where r is the radial coordinate. The separability assumption was shown to be valid for a wide variety of transducers and hydrophones [11] . The effects of M L ( f ) on pressure measurements has already been investigated extensively [19] , [22] - [28] . The objective of this paper is to provide experimental validation for the theoretical model for S p ( f ). Seven nonlinear test signals with frequencies ranging from 2.5 to 6 MHz were generated using circular, concave transducers that produced focused beams. Each nonlinear test signal was measured with four different hydrophones with nominal geometrical sensitive element diameters of 200, 400, 600, and 1000 μm.
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Experimental spatial averaging filters were computed from this dataset and compared with theoretical forms.
II. METHODS

A. Spatial Averaging Filter
The reduction in measured pressure due to spatial averaging across the hydrophone sensitive element is given by the integral of the pressure wave divided by the effective area of the sensitive element [29] - [33] . When the effective hydrophone sensitive element radius a eff depends on frequency, a spatial averaging filter may be written as [11] 
Harmonic pressure fields and frequency-dependent hydrophone effective sensitive element radii may be computed according to the model described previously [11] . It is assumed that the harmonic radial profiles are Gaussian within the spatial extent of the hydrophone sensitive element. It can be shown that for Gaussian harmonic beams
and the radial profile of each harmonic component of the nonlinear beam is given by
where n is the harmonic number, f = n f 1 and f 1 is the fundamental frequency [11] . The coefficient g n is related to the rate of phase change with radial coordinate. The fullwidth half-maximum (FWHM) of each harmonic component is σ n 2 √ 2ln2. A form for σ 1 in the focal plane of a circular focused piston transducer under classic-jinc-fundamental (CJF) conditions may be found by minimizing the meansquare difference between the magnitudes of (6) and the classic diffraction theoretical form over the half-width halfmaximum (HWHM) of the beam [34] , which results in σ 1 = 1.93 D/(k 1 a s ) in the focal plane, where D = focal length, k 1 = 2π/λ 1 , λ 1 is the wavelength of the fundamental component of the beam, and a s is the radius of the source [11] . The harmonic beamwidth parameter may be extended to higher harmonics by postulating that σ n = σ 1 /n q [11] , [13] - [15] , [35] , [36] . It was shown in the previous paper [11] that the power law form was valid for six circular focused transducer geometries provided that the nonlinear propagation parameter [37] σ m < 2.4, which corresponded approximately and conservatively to the local distortion parameter [38] σ q < 3 and the spectral index SI (the fraction of energy contained in harmonics above the fundamental) [39] < 0.4. In this range of nonlinearity, q mostly falls in the range between 0.6 and 0.8 [11] .
The formula for the frequency-dependent effective sensitive element radius for an RP hydrophone was [11] a eff − a g a g = Ae
where a g is the geometrical radius of the hydrophone sensitive element. The coefficients A and B depend weakly on the effective range of angle θ in the angular spectrum of the beam. A varies from 1.81 (|θ | < 10°) to 2.13 (|θ | < 90°). B varies from 1.07 (|θ | < 10°) to 0.94 (|θ | < 90°). The values chosen were A = 1.85 and B = 1.05, corresponding to |θ | < 30° [11] .
B. Substitution Experiment
If the pressure field incident upon a hydrophone has a spectrum P p ( f ) then the hydrophone output voltage may be expressed as
Substitution experiments were conducted in which each of four hydrophones was exposed to the same nonlinear tone burst with spectrum P p ( f ) for each of seven tone burst signals.
For any pair of hydrophones (that may be labeled 1 and 2) measuring the same tone burst signal
The quotients of functions in the numerator and denominator
may be regarded as voltage spectra that have been deconvolved for hydrophone sensitivities [40] . Hydrophone 1 (the reference hydrophone) was always the hydrophone with the smallest geometrical sensitive element diameter, 200 μm (HNC-0200, Onda Corporation, Sunnyvale, CA, USA) and, therefore, the smallest spatial averaging effect. The spatial averaging filter S p2 ( f ) for Hydrophone 2 was evaluated from (9) as follows. Voltage response V p1 (t) was measured by using Hydrophone 1 to receive a nonlinear tone burst pressure wave at the focal point of a circular focused transducer (i.e., radius of curvature of the transducer surface). Voltage response V p2 (t) was measured by replacing Hydrophone 1 with Hydrophone 2 and repeating the measurement. Spectra of time-domain voltage responses V p1 ( f ) and V p2 ( f ) were estimated using the fast Fourier transform. Complete, rectangular-windowed tone bursts (rather than windowed intervals from the middle) were analyzed. Sensitivities M L1 ( f ) and M L2 ( f ) were measured from 1 to 40 MHz using time delay spectrometry [41] for the following hydrophones: Onda HNC-0200, Onda HNA-0400, and Force Technology Institute (Bondby, Denmark) custom hydrophone [referred to here as DAN-0600 (see Table I )]. Sensitivity for the Onda HNP-1000 was taken from the manufacturer specification from 1 to 20 MHz. For frequencies between 20 and 30 MHz, the HNP-1000 manufacturer-specified sensitivity was linearly extrapolated. The theoretical spatial averaging filter S p1 ( f ) for Hydrophone 1 was computed from (4) assuming CJF conditions and q = 0.8. Values for q were measured independently. See Table II and [11] . The measured spatial averaging filter S p2 ( f ) for Hydrophone 2 computed from (9) could then be compared with the theoretical spatial averaging filter for Hydrophone 2 computed from (4). In order to isolate variations due to spatial averaging effects, each empirical frequency-dependent spatial averaging filter function was scaled so that its average value over the range of harmonic frequencies measured was equal to the average value of the theoretical spatial averaging filter over the same range of frequencies. This eliminated variability due to uncertainties in sensitivity magnitude, which has been reported to be on the order of 10% [29] . There are many sources of uncertainty in hydrophone sensitivity including initial calibration uncertainty, dependence of sensitivity with temperature, and drift over time.
Theoretical predictions of spatial averaging filters required knowledge of geometrical sensitive element sizes of hydrophones to be used as inputs to the RP model [16] , [17] . Two experimental methods were used to estimate geometrical sensitive element sizes: RP-model fits to sensitivity measurements [19] and RP-model fits to directivity measurements [20] . For each hydrophone, the mean of these two estimates was used as an input (a g ) in (7) to compute frequency-dependent effective sensitive element radius (a eff ) to be used in (4) to obtain the theoretical spatial averaging filter.
Sensitivity-based geometrical sensitive element size estimates for three hydrophones (HNC-0200, HNA-0400, and DAN-0600) were determined by fitting sensitivity measurements to theoretical RP sensitivities with geometrical sensitive element size as an adjustable fitting parameter as previously reported [19] . This resulted in geometrical sensitive element diameters of 176, 308, and 584 μm as opposed to the nominal values of 200, 400, and 600 μm (see Table I ). For the fourth hydrophone (HNP-1000), the nominal geometrical sensitive element diameter (1000 μm) was assumed for the following reasoning. The basic structure of RP sensitivity is a high-pass filter for frequencies up to k max a g = 2.4 or, equivalently, f max = 2.4 c/(πd g ) followed by relatively uniform behavior for frequencies above f max [16] , [18] , [19] . Values of f max corresponding to d g = 200, 400, 600, and 1000 μm are 5.6, 2.8, 1.9, and 1.1 MHz. Empirical sensitivity data were only available for frequencies above 1 MHz. Therefore, the available sensitivity data for the HNP-1000 sampled only the relatively uniform portion of the sensitivity, making a curve-fit impractical.
Directivity-based geometrical sensitive element size estimates for all four hydrophones were determined by fitting directivity measurements to theoretical RP directivities with geometrical sensitive element size as an adjustable fitting parameter as previously reported [20] . For each hydrophone, this process was repeated for directivity measurements obtained at 1, 2, 3, 4, 6, 8, and 10 MHz, and the resulting geometrical sensitive element diameter estimates were averaged. This resulted in geometrical sensitive element diameters of 200, 360, 563, and 966 μm as opposed to the nominal values of 200, 400, 600, and 1000 μm (see Table I ).
C. Experimental Methods
Table II lists the transducers used. The exponent q was estimated by fitting HWHM of Fourier-transformed lateral scans (as functions of harmonic number) in the focal plane to a power law proportional to 1/n q as described previously [11] .
A Tektronix (Beaverton, OR, USA) AFG 3102 function generator was used to generate tone bursts containing 6-10 cycles TABLE I   HYDROPHONES   TABLE II   TRANSDUCERS of the driving frequency. Each source transducer was driven at its center frequency and perhaps one or two additional frequencies off resonance to expand the parameter space for the measurements. The output of the function generator was connected to an Amplifier Research (Souderton, PA, USA) 150A 100B 150-W power amplifier. The output of the power amplifier was connected to the source transducer.
Each tone burst beam was measured at the transducer focal point using each of four hydrophones. Table I lists the four hydrophones. They included two ceramic hydrophones and two polymer (PVDF) hydrophones. The Onda HNA-0400 hydrophone is designed to accommodate therapeutic levels of acoustic output [4] . The hydrophones span a wide range of sensitive element diameters from 200 to 1000 μm.
The nonlinearity metrics were σ m < 0.7, σ q < 0.9, and SI < 0.1. The nonlinearity was high enough to ensure multiple detectable harmonics but low enough to prevent 1) significant risk of damage to hydrophones and 2) compromised measurements due to cavitation.
III. RESULTS Fig. 1 shows a tone burst from the Blatek transducer driven at 3.5 MHz and measured in the focal plane using the Onda HNC-0200 hydrophone. Fig. 2 shows the spectrum of this signal. The nonlinear nature of this signal results in peaks in the spectrum at harmonics equal to integer multiples of the fundamental frequency at 3.5 MHz.
Figs. 3-5 show measured and theoretical spatial averaging filters for the three source transducers driven with 2-3 function generator frequencies and measured with three hydrophones (HNA-0400, DAN-0600, and HNP-1000), always using the HNC-0200 as the reference. The theoretical spatial averaging filters are based on S Gaussian and S Quadratic in [11, eqs. (20) and (30)]. The vertical dashed lines denote the maximum frequencies of validity predicted in [11, eq. (33) ] for the spatial averaging filter derived from the quadratic model for harmonic radial profiles [11, eq. (30) ]. S Gaussian and S Quadratic in Figs. 3-5 correspond to their counterparts in [11, Figs. 12 and 14] .
As illustrated in Fig. 2 , harmonic strength, and therefore signal-to-noise ratio (SNR), decreased with the harmonic number. In Figs. 3-5 , only harmonics with adequate SNR are plotted. Although Fig. 2 shows eight discernible harmonics for the HNC-0200 (and Blatek source transducer), the other hydrophones usually had fewer discernible harmonics because of increased spatial averaging reduction associated with larger sensitive element diameters. The Blatek transducer was less responsive at 2.5 MHz than at 3.5 or 4.5 MHz, so fewer harmonics are plotted in the top row of Fig. 3 than in the lower two rows. The last three harmonics in the lower row of Fig. 4 appear relatively flat with frequency, perhaps due to diminished SNR.
The individual panels in Figs. 3-5 show that the spatial averaging filter is always a monotonically decreasing function of harmonic frequency. As hydrophone geometrical sensitive element diameter increases (moving from left panels toward right panels), spatial averaging filter magnitudes decrease as expected. The average root-mean-square differences (RMSD) between theoretical (S Gaussian ) and experimental spatial averaging filters were 6.0% ± 3.0% (Blatek), 5.7% ± 2.3% (Panametrics 3.5 MHz), and 5.7% ± 2.4% (Panametrics 5 MHz). The average RMSD for the three transducers combined was 5.8% ± 2.6%.
Both models-without (S Gaussian ) and with (S Quadratic ) the quadratic approximation-are in good agreement for low harmonic number(s), with the number of harmonics in agreement varying from 1 to 5 depending on the transducer, driving frequency, and hydrophone geometrical sensitive element diameter. When the two models diverge from each other at higher harmonic numbers, the model without the quadratic approximation (S Gaussian ) is more consistent with the measurements.
IV. DISCUSSION
Hydrophone measurements can underestimate incident acoustic pressure due to spatial averaging effects across the hydrophone sensitive element. This can be a concern for nonlinear fields with multiple harmonics, which are characterized by harmonic beamwidths decreasing as harmonic number increases. Experiments were performed to test a theoretical model for the spatial averaging filter. Nonlinear pressure fields were generated by three source transducers in tone burst mode and measured using four needle hydrophones with nominal geometrical sensitive element diameters of 200, 400, 600, and 1000 μm. The average root-mean-square difference between theoretical and experimental spatial averaging filters was 5.8% ± 2.6%.
The theoretical spatial averaging filter has been validated for a certain set of experimental conditions: 1) driving fundamental frequencies ranging from 2.5 to 6 MHz; 2) transducer diameters ranging from 19 to 64 mm; 3) focal lengths ranging from 38 to 89 mm; 4) f-numbers ranging from 1.4 to 2.0; 5) σ m < 0.7, σ q < 0.9, SI < 0.1; and 6) harmonic numbers up to 6. These conditions are relevant to many nonlinear signals found in diagnostic ultrasound. Additional experiments are required to expand the experimental parameter space for validation including smaller f-numbers, shorter pulses (such as those found in diagnostic B and M mode signals), higher nonlinearity and, therefore, larger numbers of harmonics [such as those found in high-intensity therapeutic ultrasound (HITU) applications]. Verification over a wider parameter space, including HITU applications, was considered by simulation previously [11] . The sensitivity deconvolutions performed in this study required knowledge of hydrophone Fig. 3 . Theoretical and experimental spatial averaging filters for the Blatek 3.5-MHz resonant frequency source transducer for three hydrophones and three driving frequencies. The theoretical spatial averaging filters are based on S Gaussian and S Quadratic in [11, eqs. (20) and (30)]. The vertical dotted lines denote the maximum frequencies of validity predicted in [11, eq. (33) ] for the spatial averaging filter derived from the quadratic model for harmonic radial profiles predicted in [11, eq. (30) ]. S Gaussian and S Quadratic correspond to their counterparts in [11, Figs. 12 and 14] .
sensitivities for frequencies up to about 30 MHz. Experimental studies with larger numbers of harmonics will require hydrophone sensitivity calibration to higher frequencies. This underscores the need for hydrophone sensitivity calibrations up to 40 MHz and beyond [22] , [40] , [42] - [47] . While the experiments here were performed with RP hydrophones, the spatial averaging analysis likely applies to non-RP hydrophones as well provided that spatial averaging filters are computed from spectra that are properly deconvolved for frequency-dependent sensitivity (which could be RP or non-RP, depending on the hydrophone).
The close agreement between theoretical and experimental spatial averaging filters supports many simplifying assumptions in the derivation of the analytic form for the spatial averaging filter, at least for the range of experimental conditions considered here. These assumptions include 1) hydrophone spatiotemporal response is separable into the product of a frequency-dependent sensitivity and a spatial averaging filter;
2) needle hydrophones can be accurately modeled as rigid pistons; 3) spatial averaging effects can be accurately modeled by integrating the magnitude of the beam over an effective sensitive element area; 4) nonlinear beams may be accurately modeled as having Gaussian radial profiles for harmonics (within the spatial extent of the hydrophone sensitive element) with beamwidths falling off with harmonic number n as a power law 1/n q ; and 5) the radial profile for the fundamental component of the nonlinear beam can be accurately approximated from the classic jinc diffraction pattern.
Previously, the spatial averaging correction method recommended by IEC 62127-1 Annex E [48] was extended to accommodate nonlinear beams with multiple harmonics [11] . This paper provides experimental validation for this extension for numbers of harmonics ranging from 1 to 5, with the number of harmonics in agreement varying from 1 to 5 depending on the transducer, driving frequency, and hydrophone sensitive element diameter. The IEC 62127-1 Annex E approach, [11, eqs. (20) and (30)]. The vertical dotted lines denote the maximum frequencies of validity predicted in [11, eq. (33) ] for the spatial averaging filter derived from the quadratic model for harmonic radial profiles predicted in [11, eq. (30) ]. S Gaussian and S Quadratic correspond to their counterparts in [11, Figs. 12 and 14] . when extended to harmonics, requires that the harmonic beam profile may be accurately approximated as a parabola over the sensitive element of the hydrophone. This approximation gets weaker as harmonic number increases and harmonic beamwidth decreases. It should be noted that the IEC 62127-1 Annex E approach is based on the groundbreaking work of Preston et al. [29] , which considered linear signals and was published before the dramatic rise in nonlinear applications that has transpired in recent decades. Preston et al. [29] could not have reasonably been expected to anticipate the extent of the need for spatial averaging corrections for nonlinear beams that exists today.
Many papers have considered deconvolution of hydrophone sensitivity [22] - [27] , [40] or corrections for spatial averaging [29] - [33] , [49] - [54] but not both. This paper and its companion paper [11] provide a comprehensive inverse-filtering framework to make both frequency-dependent corrections for RP hydrophones for all harmonics in nonlinear signals. The relative importance of the two distortions is illustrated in the frequency domain for a variety of experimental parameter combinations in the graphical guide presented previously [11] . The relative importance of the two distortions for timedomain metrics such as peak compressional pressure (p+), peak rarefactional pressure (p−), and pulse intensity integral (pii) is more complicated because it depends greatly on the spectrum of the incident pressure wave. The distorting effect of frequency-dependent sensitivity on time-domain metrics has been investigated previously for SI up to 0.22 and pulse duration ranging from 1.5 to 7 cycles [19] . The distortion effects on p+ and pii increase with SI and are maximum when d g /λ 1 is near 0.1-0.25 for pulse durations of 1.5-7 cycles [19] . The distorting effect on p− is maximum when d g /λ 1 is near 0.6 for short pulses (1.5 cycles) and 0.4 for longer pulses (2.5-7 cycles) for SI up to 0.22 [19] .
V. CONCLUSION
This paper provides experimental validation for a theoretical model for spatial averaging effects for nonlinear beams measured with hydrophones. Spatial averaging effects are characterized by a spatial averaging filter, which is a low-pass filter that decreases monotonically from 1 to 0 as frequency increases from 0 to infinity. The experiments considered moderately nonlinear beams. The experimental validation complements previous simulation verification that extended to a wider parameter space that included HITU applications.
